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Theoretical Background
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Theoretical Background

There exists a conjugate harmonic
function which also satisfies the Laplace
equation over () and additionall
sa&i;sf? the C&u&kjmf?;iemanm ﬁmmdi;%mv\s,
namely

a¢($7y) 8¢(ﬂ7ay) a¢($7y) b —3¢($ay)
(2)
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Theoretical Background

Let (z = x + iy ) be a complex variable
over ().

ol y) = o(z), T Yle )= wiE) | (3)

We now define an anatv&w function w(z)
over domain (' such thak

w(z) = ¢(2) + iv(z) (4)

represent the relationship bebween khe
harmownice pa&em&at and skream
functions,



Pobtential and Skream Functions

Sz T ez Ve n=a
Healt Flow Isothermals Heat flow Lines
Electrostatics Equipotentials Flux Lines
Fluid Flow Equipotentials Skream Lines
Gravity fields Potentials Lines of force
Magetism Pobentials Lines of force
| Diffusion Concentration  Lines of force
Qtasﬁia&v o Skrain ' Sﬁress@

Current flow | Potenktial Lines of force




Consider the twisting behavior of a
elliptically oriented, homogeneous,
isotropic shaft.




By the Cau&hy integral
formula, the value of w(z)
"\ any Fvc;w& nside bthe
closed contour C is
determined bfj the values
of the function along the
baumdarj contour C.
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Cauchy Integral formula
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The goal is to find the approximate
function by finding the unknown
complex constants.

n

C,=a;+i8; Basis Function

Py(z) = (ag +106g) and Pi(z) = (a1 +i61)(x + iy) (’2’)



Evaluation

R - points ‘PO&QV\&E«QLS

@(z,y) = co

Mixed Boundary
condition

- ¢($7 y) = Cp

Problem Boundary 2 a
I’ /" Simple closed S%T’QQMLLMQS

contour, C




Resulks

Table 1: CVBEM 6-node model

x y Exact CVBEM/(¢) Error(%) Shear(74 %) CVBEM( (742 ) Error (%)

1 1 | JeretOT | 10.2159 T 100 eyl —1.47059 —1.43278 2 Byl 102
1 7 9.63419 9.55065 8.671 101 | T™2.94118 _2.89735 1.49 % 10— 2
1 8. | 8.45772 8.4218 4.248 x 101 L. 41176 —4.36002 o dgrsi s 1072
1 | 4 [“esadqgs. |  6.82013 2.712 % LOmebe®™ _ 5 88235 —5.82853 9.149 % 103
i 5 4.69301 A L i _7.35294 —7.35907 8.335 « 10— 4
2 1 11.046 10.9448 O, 16181 0w —1.47059 ~ 1443203 2.622 x 102
2 2 10.3401 10.2775 6.053 x 101 —2.94118 —2.90204 1381 « 1072
2 3 9.1636 9.14085 2.483 % 101 A 41176 _4.37161 9.101 % 10— 93
2 4 7.51654 7.53193 2.047 » 101 _5.88235 _5.84846 Bl 107 S
2 5 5.3989 5.43676 7001 3 L0 ¥ 2 35204 _7.3463 9.031 x 10— 4
3 1 12.2224 12.1451 6. 3310 D _1.47059 £ 1.43723 2.268 x 102
3 2 11.5165 11.4729 3.794 « 101 _2.94118 —2.90729 s « 102
3 3 10.3401 10.3304 9.354 % 10~ 2 _4.41176 _4.37762 730 % 10— 3
3 4 | 8.69301 8.71804 2.878 x 101 _5.88235 —5.84635 6.12 «+ 10— 3
3 5 6.57537 6.64249 1.021 L7 35294 _7.20047 072 % 10 3
4 1 13.8695 13.8153 3.91 %101 —1.47059 ~1.44091 2.018 % 102
4 2 13.1636 13.1385 1.904 % 10— 1 —2.94118 ~ 291248 9.758 * 10— 9
4 3 11.9871 11.9904 2.741 % 10— 2 —4.41176 L il OIS 0 T
4 4 10.3401 10.3715 39035 = 0w - _5.88235 —5.85362 4.884 % 103
4 5 8.22243 8.28744 7.906 * 10 1 _7.35294 _7.30922 57946 % 105
5 1 15.9871 15.9574 1.862 % 101 —1.47059 —1.4448 s O 2
5 2 15.2813 15.2755 YT 2 —2.94118 —2.9181 7.845 % 103
5 3 14.1048 14.1217 1.197 + 101 _4.41176 _4.38984 4.969 % 109
5 4 12.4577 12.4938 2.897 » 10 1 _5.88235 _5.86819 2.408 % 103
5 5 10.3401 10.3757 3.449 % 101 LS e 7614 ST VAR T




Resulks

lable 1: CVBEM 6

Exact | CVBEM () \ Error(%) |

10-810T | 10.2159 i.20T
(9.63419 9.55065 8.671 10—1

Swsez2. | 8.4218 | 4.248 x 1057
6.81066 6.82013 | 24195 10—1
4.69301 4.74572 i 2k
11.046 10.9448 Bfe « 101
10.3401 10.2775 e 10 ot
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Resulks

Table 1: CVBEM 12-node model

X y Exact CVBEM/(¢)
1 | 1 [ eeeeeT |  10.3392

1 | & 9.63419 9.63364

1 | NS aE e 8.45748

1 | 4 [ewsaqgg. | 6.81075 |
1 | 5 | 4:/693018 ] ATao e
2 it 11.046 11.0453
2 | 2 | 10.3401 10.3397
2 il 9.1636 9.16345

2 [ 4] ¢ 7. eiEe 7.51666
2 k6 5 5.3989 5.39895
3 | 4F | 12288 12.2219
IR O O R - 11.5162
3 Hu® | TossHa 10.34

3 | 4 | 8.69301 8.69318
3 ¥ 50 [ espiaee 6.57607
4 | 1 | 13.8695 13.8691

4 [ rodg iSEEE 13.1634
4 |3l | S 11.9872
4 | IS Ore T 10.3403
4 |5 ENelEE 8.22234

5 [ 1 LIE s 15.9869

5 |2yl 15 o 15.2812

5.~ (i NI S 14.1049

B | SATE (e e 12.4579

5. | s Rl reRsEa 10.3417

Error(%) Shear(74 ) CVBEM(71 ) Error(%)
8.197 + T ™ amel  —1.47059 —1.47021 2.538 x 10— 4
5.68 x 105 | ™2.94118 —2.94089 9.714 * 10~ °
2.842 % 103 #.41176 —4.41143 7.497 % 107 °
1.332 % Llae ™ _5.88235 —5.88206 5.011 10~ °
SIS A S SR e 2 _7.35294 _7.3505 g A 1074
6.234 % 1053 —1.47059 —1.47033 Eide6 o 100
A4 Q7110 7 —2.94118 —2.94091 9.137 % 109
1.643 « 103 0 176 —4.41149 6.176 x 102
L 56w Lok —5.88235 —5.8821 4.245 % 10— °
F. 07 At rane _7.35204 Sz 354 1.438 « 10— 4
4.3 11 s —1.47059 _1.47036 #5775 104
2.571 % 10~ 9 ~2.94118 ~2.94095 7.849 % 10 °
6.382 % 10— 4 _4.41176 Ed1154 Eiiea #1102
1.884 % 103 _5.88235 ~5.88211 4.126 * 102
1,073 % HiaE _7.35294 _7.35146 2.008 x 10— 4
2.671 103 —1.47059 —1.47038 1,39 « 10— 4
1.295 % 103 —2.94118 —2.94098 Sl Hok
1.899 « 10— 4 _4.41176 CAAT157 237 i 2
2.059 % 103 —5.88235 —5.88217 5032510 °
1047 i e BB 29 4 B 27 s o o s
1.256 « 103 _1.47059 _1.47042 TR e O
2.547 « 10— 4 —2.94118 —2.94102 BRIl 10 O
8.229 x 10— 4 _4.41176 PR 6 3,48 % 10~ °
1.716 %103 —5.88235 _5.88233 4.364 = 10— 9
1.6 Ll e SO e 3673 8.45 x 10— 4




Resulks

Table 1: CVBEM 12

Exact OV DBE MO Error(%)

\] 9.63419 9.63364 5.68 10—3

W N = Ok WNES

T0. 3401 10.3392 8.197 = 1()

6.81066 6.81075 1,832
4.69301 4.69374 1.545
11.046 11.0453 6.234
10.3401 10.3397 4.071
0.1636 0.16345 1.643
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Resulks

Table 1: CVBEM 28-node model

X y Exact CVBEM/ (9¢)
1| 10 [ e g
1 F*| 9.63419 9.63419
1 | 8| 8.45772 8.45772
1 | 4 [™eedQgg | 6.81066
1 5 4.69301 0] - 4 0o
2 1 11.046 11.046

2 2 10.3401 10.3401
2 3 9.1636 9.1636

2 4 7.51654 7.51654
2 5 5.3989 5.3989

3 1 12,2980 12.2224
3 2 11.5165 11.5165
3 3 10.3401 10.3401
3 4 | 8.69301 8.69301
3 5 6.57537 6.57537
4 1 13.8695 13.8695
4 2 13.1636 13.1636
4 3 11.9871 11.9871
A% 10.3401 10.3401
4 5 8.22243 8.22243
5 1 15.9871 15.9871
5 2 15.2813 15.2813
5 3 14.1048 14.1048
5 4 12.4577 12.4577
5 5 10.3401 10.3401

Error(%) Shear (742 ) CVBEM(742) Error (%)
2.204 % T ok, —1.47059 —1.47059 1.002 % 10
1.51.0% . 10520 ™. 94118 —2.94118 2.002 * 108
6.785 x 107 _#.41176 —4.41176 1987 « 1075
3.659 * 1Q e _ 5 88235 —5.88235 1.546 « 108

A1 s 0 —7.35294 —7.35295 6.399 « 107 '
A3 53R O —1.47059 —1.47059 3.278 « 107
1.131 % 10— 6 —2.94118 —2.94118 6:532 x 103
R0t 10 T —4.41176 —4.41176 9.626 « 109
4.185 %« 108 _5.88235 _5.88235 S 10 10
9.145 % 10— 0 _7.35294 _7.35295 BGO . 107
2.463 % 1079 _1.47059 —1.47059 W15 107
1.182 % 10— 6 ~2.94118 —2.94118 4.877 x 103
2. 258 x40 7 —4.41176 4 AT176 1.951 % 10— 8
5.588 % 10— _5.88235 _5.88235 1.106 % 10— 8
9 17T R0 _7.35294 _7.35294 B0 » 10— ¢
1.258 « 10— 6 _1.47059 —1.47059 B0 % 10 5
6.153 880 © —2.94118 —2.94118 30256 + 1072
8.599 % 108 —4.41176 441176 1.958 « 10— 3
9.085 % 10— _5.88235 _5.88235 b 26t 10 S
9.638 x 10— 0 _7.35294 _7.35295 1.084 « 10— 6
4.947 x 10— 7 _1.47059 _1.47059 ST e
14128 5 —2.04118 —2.94118 2.299 % 103
3.82 % 107 —4.41176 Lo 41176 Feza 10— S
1.064 = 10— 6 _5.88235 _5.88235 18405 + 10— 8
5 TAG U _7.35294 BT 35304 L e e i




Resulks

Table 1: CVBEM 28

Exact CVBEM b) Error(%)
AT3401 10.3401 2.20@% 10 7 . —
_ 9.63419 9.63419 158N 0" " |

Bw5%z2. | 8.45772 | 6.785 x lOo—T -
6.81066 6.81066 | 3.659 % 10— 7 &
4.69301 4.69301 4.741 » 10— 6 i

11.046 11.046 #483 « 10— ° E

10.3401 10.3401 P B w100 b

0.1636 0.1636 T ER2 « 107 L
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Time Amaltjsis

Tivwve

900

Number of Nodes






