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There exists a conjugate harmonic 
function which also satisfies the Laplace 
equation over   , and additionally 
satisfy the Cauchy-Riemann conditions, 
namely
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Theoretical Background

Let (z = x + iy ) be a complex variable 
over    .

We now define an analytic function w(z) 
over domain    such that

represent the relationship between the 
harmonic potential and stream 
functions.
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Physical 
Phenomenon

Heat Flow Isothermals Heat flow lines

Electrostatics Equipotentials Flux lines

Fluid Flow Equipotentials Stream lines

Gravity fields Potentials Lines of force

Magnetism Potentials Lines of force

Diffusion Concentration Lines of force

Elasticity Strain Stress lines

Current flow Potential Lines of force

Potential and Stream Functions



Consider the twisting behavior of a 
elliptically oriented, homogeneous, 
isotropic shaft.



By the Cauchy integral 
formula, the value of w(z) 
at any point inside the 
closed contour C is 
determined by the values 
of the function along the 
boundary contour C.

w(z)

w(z*)
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Cauchy Integral formula

ŵ(z0) =
1

2⇡i

I

�

G(⇣)d⇣

⇣ � z0
, z0 2 ⌦.

G1(⇣) =
nX

j=1

Nj(⇣)w̄j

(5)

(6)



The goal is to find the approximate 
function by finding the unknown 
complex constants.

Cj = ↵j + i�j

ŵ(z) = P0(z) + P1(z) +
nX

j=2

Cj(z � zj)lnj(z � zj)

P0(z) = (↵0 + i�0) and P1(z) = (↵1 + i�1)(x+ iy)

Basis Function
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Nodes 

Evaluation
points 

Simple closed
contour, C

x

y

0

Problem Boundary 

Problem Domain 
Mixed Boundary 

condition

Streamlines

Potentials
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Table 1: CVBEM 12-node model

x y Exact CVBEM(�) Error(%) Shear(⌧

xz

) CVBEM(⌧

xz

) Error(%)

1 1 10.3401 10.3392 8.197 ⇤ 10

�3 �1.47059 �1.47021 2.538 ⇤ 10

�4

1 2 9.63419 9.63364 5.68 ⇤ 10

�3 �2.94118 �2.94089 9.714 ⇤ 10

�5

1 3 8.45772 8.45748 2.842 ⇤ 10

�3 �4.41176 �4.41143 7.497 ⇤ 10

�5

1 4 6.81066 6.81075 1.332 ⇤ 10

�3 �5.88235 �5.88206 5.011 ⇤ 10

�5

1 5 4.69301 4.69374 1.545 ⇤ 10

�2 �7.35294 �7.3505 3.314 ⇤ 10

�4

2 1 11.046 11.0453 6.234 ⇤ 10

�3 �1.47059 �1.47033 1.756 ⇤ 10

�4

2 2 10.3401 10.3397 4.071 ⇤ 10

�3 �2.94118 �2.94091 9.137 ⇤ 10

�5

2 3 9.1636 9.16345 1.643 ⇤ 10

�3 �4.41176 �4.41149 6.176 ⇤ 10

�5

2 4 7.51654 7.51666 1.56 ⇤ 10

�3 �5.88235 �5.8821 4.245 ⇤ 10

�5

2 5 5.3989 5.39895 1.07 ⇤ 10

�3 �7.35294 �7.354 1.438 ⇤ 10

�4

3 1 12.2224 12.2219 4.311 ⇤ 10

�3 �1.47059 �1.47036 1.577 ⇤ 10

�4

3 2 11.5165 11.5162 2.571 ⇤ 10

�3 �2.94118 �2.94095 7.849 ⇤ 10

�5

3 3 10.3401 10.34 6.382 ⇤ 10

�4 �4.41176 �4.41154 5.183 ⇤ 10

�5

3 4 8.69301 8.69318 1.884 ⇤ 10

�3 �5.88235 �5.88211 4.126 ⇤ 10

�5

3 5 6.57537 6.57607 1.073 ⇤ 10

�2 �7.35294 �7.35146 2.008 ⇤ 10

�4

4 1 13.8695 13.8691 2.671 ⇤ 10

�3 �1.47059 �1.47038 1.39 ⇤ 10

�4

4 2 13.1636 13.1634 1.295 ⇤ 10

�3 �2.94118 �2.94098 6.66 ⇤ 10

�5

4 3 11.9871 11.9872 1.899 ⇤ 10

�4 �4.41176 �4.41157 4.337 ⇤ 10

�5

4 4 10.3401 10.3403 2.059 ⇤ 10

�3 �5.88235 �5.88217 3.032 ⇤ 10

�5

4 5 8.22243 8.22234 1.047 ⇤ 10

�3 �7.35294 �7.35479 2.521 ⇤ 10

�4

5 1 15.9871 15.9869 1.256 ⇤ 10

�3 �1.47059 �1.47042 1.167 ⇤ 10

�4

5 2 15.2813 15.2812 2.547 ⇤ 10

�4 �2.94118 �2.94102 5.312 ⇤ 10

�5

5 3 14.1048 14.1049 8.229 ⇤ 10

�4 �4.41176 �4.41161 3.43 ⇤ 10

�5

5 4 12.4577 12.4579 1.716 ⇤ 10

�3 �5.88235 �5.88233 4.364 ⇤ 10

�6

5 5 10.3401 10.3417 1.617 ⇤ 10

�2 �7.35294 �7.34673 8.45 ⇤ 10

�4

Results
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Table 1: CVBEM 28-node model

x y Exact CVBEM(�) Error(%) Shear(⌧

xz

) CVBEM(⌧

xz

) Error(%)

1 1 10.3401 10.3401 2.204 ⇤ 10

�6 �1.47059 �1.47059 1.002 ⇤ 10

�6

1 2 9.63419 9.63419 1.519 ⇤ 10

�6 �2.94118 �2.94118 2.002 ⇤ 10

�8

1 3 8.45772 8.45772 6.785 ⇤ 10

�7 �4.41176 �4.41176 1.982 ⇤ 10

�8

1 4 6.81066 6.81066 3.659 ⇤ 10

�7 �5.88235 �5.88235 1.546 ⇤ 10

�8

1 5 4.69301 4.69301 4.741 ⇤ 10

�6 �7.35294 �7.35295 6.399 ⇤ 10

�7

2 1 11.046 11.046 4.153 ⇤ 10

�6 �1.47059 �1.47059 3.278 ⇤ 10

�7

2 2 10.3401 10.3401 1.131 ⇤ 10

�6 �2.94118 �2.94118 6.532 ⇤ 10

�8

2 3 9.1636 9.1636 1.582 ⇤ 10

�7 �4.41176 �4.41176 9.626 ⇤ 10

�9

2 4 7.51654 7.51654 4.185 ⇤ 10

�8 �5.88235 �5.88235 3.611 ⇤ 10

�10

2 5 5.3989 5.3989 9.145 ⇤ 10

�6 �7.35294 �7.35295 5.269 ⇤ 10

�7

3 1 12.2224 12.2224 2.463 ⇤ 10

�6 �1.47059 �1.47059 1.145 ⇤ 10

�7

3 2 11.5165 11.5165 1.182 ⇤ 10

�6 �2.94118 �2.94118 4.877 ⇤ 10

�8

3 3 10.3401 10.3401 2.258 ⇤ 10

�7 �4.41176 �4.41176 1.951 ⇤ 10

�8

3 4 8.69301 8.69301 5.588 ⇤ 10

�7 �5.88235 �5.88235 1.106 ⇤ 10

�8

3 5 6.57537 6.57537 9.177 ⇤ 10

�6 �7.35294 �7.35294 5.149 ⇤ 10

�7

4 1 13.8695 13.8695 1.258 ⇤ 10

�6 �1.47059 �1.47059 5.79 ⇤ 10

�8

4 2 13.1636 13.1636 6.153 ⇤ 10

�7 �2.94118 �2.94118 3.256 ⇤ 10

�8

4 3 11.9871 11.9871 8.599 ⇤ 10

�8 �4.41176 �4.41176 1.958 ⇤ 10

�8

4 4 10.3401 10.3401 9.085 ⇤ 10

�7 �5.88235 �5.88235 1.276 ⇤ 10

�8

4 5 8.22243 8.22243 9.638 ⇤ 10

�6 �7.35294 �7.35295 1.084 ⇤ 10

�6

5 1 15.9871 15.9871 4.947 ⇤ 10

�7 �1.47059 �1.47059 3.725 ⇤ 10

�8

5 2 15.2813 15.2813 1.123 ⇤ 10

�7 �2.94118 �2.94118 2.299 ⇤ 10

�8

5 3 14.1048 14.1048 3.82 ⇤ 10

�7 �4.41176 �4.41176 1.673 ⇤ 10

�8

5 4 12.4577 12.4577 1.064 ⇤ 10

�6 �5.88235 �5.88235 1.405 ⇤ 10

�8

5 5 10.3401 10.3401 5.746 ⇤ 10

�5 �7.35294 �7.35304 1.345 ⇤ 10

�5

Results
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